For a property P of simplicial complexes, a simplicial complex Γ is an obstruction to P if Γ itself does not satisfy P but all of its proper restrictions satisfy P. In this paper, we determine all obstructions to shellability of dimension ≤ 2, refining the previous work by Wachs. As a consequence we obtain that the set of obstructions to shellability, that to partitionability and that to sequential Cohen-Macaulayness all coincide for dimensions ≤ 2. We also show that these three sets of obstructions coincide in the class of flag complexes. These results show that the three properties, hereditary-shellability, hereditary-partitionability, and hereditary-sequential Cohen-Macaulayness are equivalent for these classes.
Introduction
In this paper we treat a (finite) simplicial complex as an abstract simplicial complex, i.e., a set family Γ over a finite set E closed under taking subsets. A member σ of Γ is a face of Γ, whose dimension dim σ is |σ| − 1. A maximal face with respect to inclusion is a facet, a 0-dimensional face is a vertex, and a 1-dimensional face is an edge. For a vertex {v}, we also refer v as a vertex for convenience if there will be no confusion, and use the notation V (Γ) for the set of all vertices of Γ. (That is, V (Γ) = {v ∈ E : {v} ∈ Γ}.) Note that the empty set ∅ is always a face of a simplicial complex, with dim ∅ = −1. We sometimes denote a kdimensional facet as a k-facet for short. The dimension dim Γ of Γ is the maximum dimension of its faces. Γ is pure if all its facets have dimension dim Γ. The pure i-skeleton pure i (Γ) of Γ is the set of subfaces of all i-dimensional faces of Γ. Note that the pure i-skeletons of Γ are i-dimensional pure simplicial complexes. For a face τ of Γ, the link of τ in Γ is defined by link Γ (τ ) = {η ∈ Γ : η ∩ τ = ∅, η ∪ τ ∈ Γ}.
In a simplicial complex, a sequence σ 1 , σ 2 , . . . , σ t of the facets is called a shelling if it satisfies that ( j−1 i=1 σ i ) ∩ σ j is a pure (dim σ j − 1)-dimensional subcomplex for every 2 ≤ j ≤ t, where σ denotes the set of all faces of the face σ, and a simplicial complex is shellable if it has a shelling. Note that this definition, introduced by Björner and Wachs in [2, 3] , applies both pure and nonpure cases, extending the classical definition for pure complexes. For the details of (nonpure) shellability together with additional terminology on simplicial complexes, see [2] .
In the following, for W ⊆ V (Γ), Γ[W ] denotes the restriction of Γ to W , i.e., the subcomplex on the vertex set W that consists of the faces of Γ contained in W . For U = V (Γ)\W , we also use the notation Γ\U = Γ[W ], the deletion of U from Γ. Note that restricting and taking link are commutative, that is, we have link
Wachs introduced the concept of obstructions to shellability in [14] . A simplicial complex Γ is an obstruction to shellability if Γ is not shellable but Γ[W ] is shellable for all W V (Γ). (Equivalently, Γ is an obstruction to shellability if Γ is not shellable and Γ \ U is shellable for all U ⊆ V (Γ) with U = ∅.) In other words, an obstruction to shellability is a minimal simplicial complex with respect to restriction that is nonshellable. (The terminology "minimally nonshellable complexes" is used for obstructions to shellability in [15] .) In [14] , Wachs stated the following. (ii) The unique obstruction to shellability of dimension 1 is the simplicial complex on 4 vertices with two disjoint 1-facets. (We denote this 1-dimensional obstruction as 2K 2 .) (iii) Obstructions to shellability exist for each dimension ≥ 1.
(iv) Obstructions to shellability of dimension 2 have at most 7 vertices. Thus there are only finitely many obstructions to shellability of dimension 2.
This result (iv) (with (ii)) of Wachs is important because it shows that the number of obstructions to shellability is finite in the class of dimension ≤ 2. But, on the other hand, her proof does not explicitly enumerate the individual obstructions to shellability of dimension 2. Though the number of vertices is bounded by 7, it is not easy to determine all the obstructions by brute force checking. In Section 2 of this paper, we determine all obstructions to shellability of dimension ≤ 2. This result provides us a way to discuss further properties of obstructions to shellability.
The concept of obstructions naturally applies to other properties of simplicial complexes. A simplicial complex Γ is an obstruction to a property P if Γ does not satisfy P but Γ [W ] satisfies P for all W V (Γ). The obstructions to purity are already discussed by Wachs [14] . In Section 3, we show that both the set of obstructions to partitionability and the set of obstructions to sequential Cohen-Macaulayness are the same as the set of obstructions to shellability for dimensions ≤ 2, as an application of our classification of obstructions to shellability of dimension ≤ 2.
A simplicial complex is called a flag complex if all the minimal nonfaces are of size 2. The class of flag complexes, which sometimes appear as clique complexes or independence complexes of graphs, has been attracting interests of many researchers coming from commutative algebra as well as from combinatorics. Recently, Woodroofe [16] determined the obstructions to shellability in the class of flag complexes. As a corollary of his result, our discussion in Section 3 shows that the set of obstructions to shellability, partitionability, and sequentially Cohen-Macaulayness also coincide in the class of flag complexes.
For a property P of simplicial complexes, we say a simplicial complex Γ is hereditary-P if all restrictions of Γ (including Γ itself) satisfy P. As is discussed in Section 3, these results on obstructions show that three properties, hereditary-shellability, hereditary-partitionability, and hereditary-sequential Cohen-Macaulayness, are all equivalent in the class of simplicial complexes of dimension at most 2, or in the class of flag complexes.
Further discussions toward higher dimensions are added in Section 4.
2-dimensional obstructions to shellability
First we recall the following well-known but important propositions about shellability. Remark that Propositions 2.6 and 2.7 imply that the converse of Proposition 2.3 holds for dimensions ≤ 2, but that this is not the case for dimensions ≥ 3. For example, Figure 1 shows an example of a 3-dimensional nonshellable complex whose pure skeletons are all shellable. In the figure, {a, c, d, e} is a 3-dimensional facet, and the vertices and edges are identified as indicated. The upper part consisting of thirteen 2-dimensional facets is shellable, but its shelling always has the facet {a, c, f } (the dark facet in the right figure) in the last. (This gadget is used in [6, Example 7] and the explanation of this property is essentially given there.) But, the existence of the 3-dimensional facet enforces the shelling of the whole complex to start with the facet {a, c, d, e} and the second facet should be {a, c, f }. cannot be completed. On the other hand, it is not difficult to check that the pure skeletons of the complex are all shellable.
From here we start the classification of 2-dimensional obstructions to shellability. First, we observe the following two lemmas.
Lemma 2.8. If Γ is an obstruction to shellability, then it contains no isolated vertices. Further, if dim Γ ≥ 2, then it is connected.
Proof. If Γ has an isolated vertex v, then it is easy to see that Γ\{v} is shellable if and only if Γ is shellable. This implies that an obstruction to shellability cannot have isolated vertices.
If dim Γ ≥ 2 and it is disconnected, we can choose two edges {u, v} and {w, z} belonging to different components since Γ has no isolated vertices. This implies that Γ[{u, v, w, z}] is nonshellable and 1-dimensional, contradicting that Γ is an obstruction to shellability of dimension at least 2.
Lemma 2.9. If Γ is a 2-dimensional obstruction to shellability, then it has at least two 2-facets.
Proof. By Lemma 2.8, Γ is connected and thus pure 1 (Γ) is also connected. By Proposition 2.7, this implies that pure 2 (Γ) is nonshellable. For this, Γ needs at least two 2-facets.
The following proposition is important in our discussion of this section. Proposition 2.10. Let Γ be a 2-dimensional obstruction to shellability, and assume that Γ has two vertices v and w such that {v, w} is not an edge of Γ. Then Γ ′ = Γ ∪ {{v, w}} is also an obstruction to shellability. an edge between vertices does not make a connected graph into disconnected. Thus we conclude that
We define a 2-dimensional obstruction to shellability to be edge-minimal if it has a minimal set of edges with respect to inclusion relation. By Proposition 2.10 above, all the obstructions to shellability of dimension 2 are determined if the edge-minimal obstructions are specified. We state our main theorem of this section that gives the complete list of the 2-dimensional edge-minimal obstructions to shellability as follows.
Theorem 2.11. The complete list of 2-dimensional edge-minimal obstructions to shellability is given in Figure 2 . Hence the obstructions to shellability of dimension ≤ 2 are the 1-dimensional obstruction 2K 2 of Theorem 1.1 (ii) and the simplicial complexes obtained by adding zero or more edges to one of the complexes in Figure 2 .
In the rest of this section we prove this theorem using several lemmas. Let Γ be an edge-minimal obstruction to shellability of dimension 2. In a 2-dimensional simplicial complex, we call an edge a nonboundary edge if it belongs to two or more 2-facets, and a boundary edge otherwise. (We remark that we will also refer to an edge that does not belong to any 2-facets as a boundary edge.) We first discuss the case where all the edges of Γ are boundary edges in Lemma 2.12.
Lemma 2.12. Let Γ be a 2-dimensional edge-minimal obstruction to shellability with no nonboundary edges. Then Γ is one of (1a), (1b), (1c), or (2) of Figure 2 .
Proof. By Lemma 2.9, Γ has at least two 2-facets σ 1 and σ 2 . From the fact that Γ contains no nonboundary edges it is easy to observe that pure 2 
is nonshellable by Proposition 2.7. By the assumption that Γ is an obstruction to shellability, there cannot exist a vertex outside of σ 1 ∪ σ 2 .
Assume that Γ contains a third 2-facet σ 3 . Because Γ has no nonboundary edges, any two 2-facets of Γ cannot share more than one vertices. This implies that there exists a vertex of σ 3 that is not contained in σ 1 ∪ σ 2 , a contradiction. Thus Γ has exactly two 2-facets, and there are no other vertices than those belonging to the two 2-facets. We have the following two cases: [ In both cases, pure 2 (Γ) is nonshellable, thus Γ is nonshellable for any addition of edges by Proposition 2.7. For any U ⊆ V (Γ) with U = ∅, Γ\U has at most one 2-facet, thus pure 2 (Γ\U ) is shellable. What remains to do is to determine the minimal sets A of edges between σ 1 and σ 2 such that pure 1 (Γ\U ) is connected for all U ⊆ V (Γ) with U = ∅.
First, we consider Case 1. If the set A of edges between σ 1 and σ 2 shares only one vertex with σ i (i = 1 or 2), then deleting the vertex makes the pure 1-skeleton disconnected. Thus A shares at least two vertices with each of σ 1 and σ 2 . Without loss of generality we can assume that A contains two edges {a, d} and {b, e}. Consider to take U = {a, e}. In order for pure 1 (Γ\U ) to be connected, one of the edges {c, f }, {c, d} or {b, d} should be contained in A (upto isomorphism). When {c, f } is in A, then the three edges {a, d}, {b, e} and {c, f } together with σ 1 and σ 2 form (1a) of Figure 2 , and it is easy to check this is an edge-minimal obstruction to shellability. When {c, d} or {b, d} is in A, we then consider to take U = {b, d}. In order for pure 1 (Γ\U ) to be connected, at least one more edge should be contained in A that connects the edges {a, c} and {e, f }. In both cases, by checking 4 possible ways of adding this additional edge (as is depicted in the figure), we observe that the complex contains (1a), (1b), or (1c) of Figure 2 . Here, it is easy to check that (1b) and (1c) are also edge-minimal obstructions to shellability.
For Case 2, consider to take U = {a}. In order for pure 1 (Γ\U ) to be connected, we need an edge between the edges {b, c} and {d, e}. This gives (2) of Figure 2 . It is easy to check this is an edge-minimal obstruction to shellability.
Next we consider the case there exist nonboundary edges in Γ. We divide this case into two subcases by a technical condition. The first subcase is Lemma 2.13, and the other is Lemma 2.17.
Lemma 2.13. Let Γ be a 2-dimensional edge-minimal obstruction to shellability. Assume there exists a vertex v such that link Γ ({v}) contains a nonboundary edge of Γ and pure 1 (link Γ ({v})) is disconnected. Then Γ is isomorphic to one of (3a), (3b), (3c), (3d) or (3e) of Figure 2 .
Proof. Let the nonboundary edge in link Γ ({v}) be {x, y}. By the assumption that pure 1 (link Γ ({v})) is disconnected, there is an edge {w, u} of link Γ ({v}) contained in a different connected component from {x, y}. We here have Γ[{v, x, y, w, u}] nonshellable by Proposition 2.1 since pure 1 (link Γ[{v,x,y,w,u}] ({v})) is disconnected. Thus the set of vertices of Γ is exactly {v, x, y, w, u} because Γ is an obstruction to shellability. Note especially that the 2-facets containing the vertex v are exactly the two facets {v, x, y} and {v, w, u} only. Now it is easily checked that any ways of adding 2-facets on the four vertices x, y, w, u such that {x, y} is a nonboundary edge give obstructions to shellability satisfying the assumptions, and these are isomorphic to the five edge-minimal 2-dimensional obstructions (3a)-(3e) of Figure 2 .
For the next subcase Lemma 2.17, we prepare three technical lemmas.
Lemma 2.14. Let Γ be a 2-dimensional simplicial complex, and pure 1 (link Γ ({u})) is connected for any vertex u with link Γ ({u}) containing nonboundary edges of Γ. Assume there is a vertex v such that Γ\{v} is shellable, link Γ ({v}) contains nonboundary edges of Γ, and these nonboundary edges are connected. Then Γ is shellable.
Proof. By Proposition 2.2, there is a shelling σ
where the superscript of each facet indicates the dimension of the facet. On the other hand, from the assumption that the nonboundary edges in link Γ ({v}) are connected and pure 1 (link Γ ({v})) is connected, there is a shelling of link Γ ({v}), τ (1) 1 , . . . , τ
(1)
i 's are nonboundary edges, and τ ′ (1) j 's are boundary edges of Γ. (Note that t 1 ≥ 1 by the assumption that link Γ ({v}) contains nonboundary edges.) Now the sequence of facets σ
becomes a shelling of Γ, where
are the subsequences of σ (1) 1 , . . . , σ To see this sequence is a shelling, it is convenient to use the following property related to the restriction map. Let F 1 , F 2 , . . . , F t be a sequence of facets of a simplicial complex and define the restriction map as R(F i ) = {v ∈ F i : F i \ {v} ∈ i−1 j=1 F j }. Then the sequence F 1 , F 2 , . . . , F t is a shelling of the simplicial complex if and only if R(F i ) ⊆ F k implies i ≤ k for all i and k. This property follows from Lemma 2.4 and Proposition 2.5 of [2] .
For our sequence of facets, for each facet η appearing in the sequence, we check the condition as follows. First, for η = σ (2) i , no violation can occur since σ
s 2 is the first part of a shelling of Γ. No violation can occur either for η = τ
1 ∪ {v}, R(η) = {v} and we have dim η − dim R(η) = 2, but for this case obviously R(η) = {v} is not contained in any of the previous facets.) What remains is the case η = τ
For this case we have R(η) = {a} (or {b}) or {a, b}, and we need to check the former. Assume R(η) = {a} and {a} is contained in some previous facet η ′ = {a, x, y}. Note that η ′ cannot contain v in order for R(η) = {a}, thus η ′ should be one of σ (2) i , and x and y are distinct from v. We here have that link Γ ({a}) contains the edge {v, b} that is a nonboundary edge of Γ, and that pure 1 (link Γ ({a})) is connected by the assumption. Hence there is a path v-p-· · · -y connecting {v, b} and {x, y}. (See Figure 4 . Note that this path, connecting two edges {v, b} and {x, y}, starts from v, not b, by the assumption that the edge {a, b} is a boundary edge of Γ. The last vertex can be x instead of y.) Here we have that the edge {a, p} is a nonboundary edge of Γ and this means that the facet {a, p} ∪ {v} is listed in our sequence as τ 
Figure 4: Proof of Lemma 2.14: when a possible violation occurs.
before η. This contradicts the assumption that R(η) = {a}. Thus we conclude that {a} is not contained in any of the previous facets.
Lemma 2.15. Let Γ be a 2-dimensional simplicial complex. Assume there is a vertex v with link Γ ({v}) containing nonboundary edges of Γ, such that Γ \ {v} is shellable and the nonboundary edges of Γ in link Γ ({v}) are not connected. Then Γ is nonshellable. 
On the other hand, the assumption that the nonboundary edges of Γ in link Γ ({v}) are disconnected implies that Γ 1 ∩ Γ 2 has at least two connected components. This implies Proof. Assume link Γ ({v}) contains nonboundary edges. Since they are not connected, we can take two nonboundary edges {a, b} and {c, d} from distinct connected components. Assume there is another nonboundary edge ǫ in link Γ ({v}). If, under this assumption, we find two vertices, say v and w, such that link Γ\{w} ({v}) contains two disconnected nonboundary edges, then this makes a contradiction and completes the proof since Γ\{w} becomes nonshellable by Lemma 2.15 together with the fact Γ\{v, w} is shellable. First, consider the case that the edge ǫ does not share any vertex with {a, b} and {c, d}. Assume ǫ = {e, f }, where e and f are distinct from a, b, c, d, and that ǫ is in a different connected component than that of {a, b}. (We do not assume whether or not ǫ is in the component that {c, d} belongs to.) Then, we can pick a vertex w ∈ {c, d, e, f } such that link Γ\{w} ({v})
d}] ({v})) is connected by Propositions 2.1 and 2.6. Without loss of generality, we can assume there is a boundary edge {a, d} or {a, c} in link Γ ({v}). Assume the edge {a, d} exists in link Γ ({v}). Then in link Γ ({d}), there are nonboundary edges {v, a}, {v, c} and {c, e} connected in a path. Since the nonboundary edges in link Γ ({d}) are not connected, there exists another nonboundary edge η in other connected component. Here we have two nonboundary edges η and {v, a} in a different connected component, and there is the third nonboundary edge {c, e} not sharing any vertices with η and {v, a}. Thus we are lead to a contradiction via the first case. Hence we assume an edge {a, c} is in link Γ ({d}) instead of {a, d}. We have two connected nonboundary edges {v, c} and {c, e} in link Γ ({d}). Since the nonboundary edges in link Γ ({d}) are not connected, there exists a nonboundary edge {f, g} in link Γ ({d}), in a different connected component from {v, c} and {c, e}. We here have f and g distinct from v, c, d, or e. Since {f, g} is a nonboundary edge, there exists a 2-facet {f, g, h} in Γ. Here, link Γ ({d}) contains two disjoint nonboundary edges {v, c} and {f, g}, and any deletion of one vertex other than c, d and v preserves {v, c} as a nonboundary edge since it is contained in three 2-facets {v, a, c}, {v, c, d} and {v, c, e}. Now, if there is a vertex w other than c, d, f , g, h, and v, then deleting w leaves {f, g} and {v, c} as two disjoint nonboundary edges in link Γ ({d}). Otherwise, we should have {f, g} = {a, b}, and in this case deleting the vertex e preserves the two disjoint edges {f, g} and {v, c} as nonboundary edges. Now we give the last subcase of Theorem 2.11 in the following lemma.
Lemma 2.17. Let Γ be an edge-minimal 2-dimensional obstruction to shellability. Assume that there is a nonboundary edge in Γ, and that pure 1 (link Γ ({v})) is connected for any vertex v with link Γ ({v}) containing nonboundary edges. Then Γ is isomorphic to one of (4a), (4b) or (4c) of Figure 2 .
Proof. First observe that, for every vertex v containing nonboundary edges of Γ, the nonboundary edges in link Γ ({v}) are not connected, since otherwise Γ becomes shellable by Lemma 2.14. (Note that such a vertex v surely exists by the assumption that Γ has a nonboundary edge.) By Lemma 2.16, for such a vertex v, link Γ ({v}) contains exactly two nonboundary edges {x 1 , x 2 } and {x 3 , x 4 } disjointly. Here, if V (Γ) = {v, x 1 , x 2 , x 3 , x 4 }, then the two nonboundary edges {x 1 , x 2 } and {x 3 , x 4 } are connected by a boundary edge in link Γ ({v}) since pure 1 (link Γ ({v})) is connected. On the other hand, if V (Γ) {v, x 1 , x 2 , x 3 , x 4 }, then Γ[{v, x 1 , x 2 , x 3 , x 4 }] is shellable and, by Propositions 2.1 and 2.6, pure 1 (link Γ[{v,x 1 ,x 2 ,x 3 ,x 4 }] ({v})) is connected. Thus again the two nonboundary edges {x 1 , x 2 } and {x 3 , x 4 } are connected by a boundary edge in link Γ ({v}). Hence we have that the two nonboundary edges {x 1 , x 2 } and {x 3 , x 4 } are always connected by a boundary edge in link Γ ({v}).
We have another consequence. In link Γ ({v}), we have two nonboundary edges {x 1 , x 2 } and {x 3 , x 4 } disjointly, thus there are 2-facets {x 1 , x 2 , x 5 } and {x 3 , x 4 , x 6 }. Here, v, x 1 , x 2 , x 3 , x 4 are all distinct, but x 5 and x 6 can be identical to some of x 1 , x 2 , x 3 , x 4 . Since Γ is an obstruction to shellability and {x 1 , x 2 , x 3 , x 4 , x 5 , x 6 } is a proper subset of V (Γ), Γ[{x 1 , x 2 , x 3 , x 4 , x 5 , x 6 }] is shellable. This fact together with the fact that the nonboundary edges {x 1 , x 2 } and {x 3 , x 4 } of Γ in link Γ (v) are disconnected implies that Γ[{v, x 1 , x 2 , x 3 , x 4 , x 5 , x 6 }] is nonshellable by Lemma 2.15. Hence we have V (Γ) = {v, x 1 , x 2 , x 3 , x 4 , x 5 , x 6 }. Thus we have |V (Γ)| = 5, 6 or 7. (This together with Lemmas 2.12 and 2.13 gives a different proof of Theorem 1.1 (iv).)
Now pick a vertex v 1 of Γ, and assume that {x, y} is a nonboundary edge of Γ in link Γ ({v 1 }). Then there exists a boundary edge adjacent to {x, y} in link Γ ({v 1 }). We assume this boundary edge is {x, v 2 } without loss of generality. Here the edge {x, v 1 } is a nonboundary edge in link Γ ({v 2 }). This requires the existence of the boundary edge {v 1 , v 3 } in link Γ ({v 2 }). (Remark that the boundary edge cannot be {x, v 3 } instead of {v 1 , v 3 } because {x, v 2 } is a boundary edge.) Repeating this procedure makes a band grown from the edge xv 1 as indicated in Figure 5 . But, since the number of vertices of Γ is at most 7, there is a number N with v N = v i for some i < N . By renaming the vertices, this ensures that there is a subcomplex ∆ ′ on vertices v 1 , v 2 , . . . , v n (all distinct) whose facets are {{v 1 , v 2 , v 3 }, {v 2 , v 3 , v 4 }, . . . , {v n−1 , v n , v 1 }}, where the edges {v 1 , v 3 }, {v 2 , v 4 }, . . . , {v n−2 , v n } and {v n−1 , v 1 } are boundary edges of Γ. (See the left of Figure 6 .) We have n ≥ 5 in order for the required edges to be boundary edges.
Here, since the vertex v 1 has two disjoint nonboundary edges {v 2 , v 3 } and {v n−1 , v n } in link Γ ({v 1 }), these two nonboundary edges must be connected by a boundary edge. Only possible choice for this boundary edge is {v n , v 2 }, since {v n−1 , v 1 } and {v 1 , v 3 } are boundary edges. Thus there is a subcomplex ∆ on vertices {v 1 , v 2 , . . . , v n } whose facets are {v 1 , v 2 , v 3 }, {v 2 , v 3 , v 4 }, . . . , {v n−1 , v n , v 1 }, {v n , v 1 , v 2 }, where the edges {v 1 , v 3 }, Here, already in [14, Theorem 5] it is pointed out that these three complexes (4a)-(4c) of Figure 2 themselves are obstructions to shellability. Hence we conclude that the 2-dimensional edge-minimal obstruction to shellability Γ is one of the three complexes.
Proof of Theorem 2.11. Lemmas 2.12, 2.13 and 2.17 show the statement.
Obstructions to partitionability and sequential CohenMacaulayness
Partitionability and sequential Cohen-Macaulayness are well-known properties implied by shellability. (ii) A simplicial complex Γ is sequentially Cohen-Macaulay (over Z) if pure i (Γ) is CohenMacaulay (over Z) for all 0 ≤ i ≤ dim Γ.
See [2] , [10] , etc. for partitionability. Sequential Cohen-Macaulayness is originally defined in terms of commutative algebra by Stanley, see [12, Section III.2] . In Definition 3.2 above, (i) is a characterization given by Reisner [11] , and (ii) is a characterization given by Duval [5] . See also [4] for sequential Cohen-Macaulayness. Basic properties about partitionability and sequential Cohen-Macaulayness we need in this paper are as follows. (ii) If Γ is sequentially Cohen-Macaulay, then link Γ (τ ) is sequentially Cohen-Macaulay for any τ ∈ Γ.
Proof. 
Proposition 3.7. If a simplicial complex Γ has two facets σ 1 , σ 2 with dim σ 1 , dim σ 2 ≥ 1 such that each of the subfaces of σ i of dimension dim σ i − 1 belongs only to σ i (i = 1, 2), then Γ is not partitionable.
Proof. For such a facet σ i as in the statement, τ σ i should be ∅ in order that all its subfaces of dimension dim σ i − 1 are covered in the partition. Thus there exists no partition if there are more than one such facets. Proof. Throughout this proof, addition in the index is considered as modulo n. We denote
Assume Γ is partitionable and has a partition Γ =˙ [τ σ , σ], where σ is a facet of Γ and τ σ is a subface of σ. Let us denote τ σ k = τ k for convenience. Since
Here we observe that v k ∈ τ k implies v k+d+1 ∈ τ k+1 , since otherwise the face {v k+1 , . . . , v k+d } is not contained in both of [τ k , σ k ] and [τ k+1 , σ k+1 ] and thus not contained in any of the intervals. Symmetrically, we also have that v k+d ∈ τ k implies v k−1 ∈ τ k−1 . Now assume that τ k = {v k , v k+d }. Then, from these two observations, we have that τ k+1 ⊆ {v k+1 } and that τ k−1 ⊆ {v k+d−1 }. This implies that {v k+1 , v k+d−1 } is contained in both of [τ k+1 , σ k+1 ] and [τ k−1 , σ k−1 ], a contradiction. Hence we have that τ k is one of ∅, {v k }, or {v k+d }, for each 1 ≤ k ≤ n.
Assume τ k = ∅ for some k. We have that τ i is a single vertex for i = 0, 1, . . . , n − 1 with i = k, and these vertices are distinct. But [τ k , σ k ] covers d + 1 vertices and thus only n − d − 1 vertices are left, a contradiction. Now we have that τ k is one of {v k } or {v k+d }, for each 1 ≤ k ≤ n. This implies that each interval [τ i , σ i ] contains exactly one distinct vertex, thus all the n vertices {v 0 }, {v 1 }, . . . , {v n−1 } are covered by the n intervals [τ 0 , σ 0 ], . . . , [τ n−1 , σ n−1 ]. Since any of the intervals [τ k , σ k ] contains ∅, there should exist some facet σ other than the n facets σ 0 , σ 1 , . . . , σ n−1 such that τ σ = ∅. But, this is impossible since Γ has only n vertices and they are already covered by the intervals.
In this section we discuss the relation between the sets of obstructions to the three properties, shellability, partitionability and sequential Cohen-Macaulayness. The key of our discussion is the following proposition. Proposition 3.9. Let P and Q be properties of simplicial complexes such that P implies Q. In a class X of simplicial complexes that is closed under restriction, the following are equivalent.
(i) In the class X , the set of obstructions to P is different from the set of obstructions to Q.
(ii) There exists an obstruction to P in X that is not an obstruction to Q.
(iii) There exists an obstruction to P in X that satisfies Q.
Proof. The implications (iii)⇒(ii)⇒(i) are trivial. We show the implication (i)⇒(iii).
If there is an obstruction to P in X that is not an obstruction to Q, then it does not satisfy Q and we are done. Assume Γ is an obstruction to Q in X that is not an obstruction to P. Since Γ does not satisfy Q, it does not satisfy P, either. In order that Γ is not an obstruction to P, there exists some W V (Γ) such that Γ[W ] does not satisfy P. If we choose such W minimal with respect to inclusion, such Γ[W ] is an obstruction to P that satisfies Q. Note that Γ[W ] is in X since X is closed under restriction.
By this proposition together with Theorem 2.11 we have the following theorem.
Theorem 3.10. For the class of simplicial complexes of dimension ≤ 2, the set of obstructions to partitionability, that to sequential Cohen-Macaulayness, and that to shellability all coincide.
Proof. We check that each obstruction to shellability given by Theorem 2.11 is neither partitionable nor sequentially Cohen-Macaulay. Then Proposition 3.9 together with Proposition 3.3 shows the statement, since the class of simplicial complexes of dimension ≤ 2 is closed under restriction.
The one dimensional obstruction to shellability 2K 2 is neither partitionable nor sequentially Cohen-Macaulay by Proposition 3. Remark. Both of partitionability and sequential Cohen-Macaulayness are known to be strictly weaker than shellability already in dimension 2. There are nonshellable but partitionable complexes for dimensions ≥ 1, since the pure 1-skeleton of a 1-dimensional partitionable complex can be disconnected by Proposition 3.5 while the pure 1-skeleton of a shellable 1-dimensional complex should be connected by Proposition 2.6. Also there are nonshellable but sequentially Cohen-Macaulay complexes for dimensions ≥ 2, see [12, Section III.2] . (Cones over the examples give counterexamples of higher dimensions for both.) But the theorem above does not lead to a contradiction because these three properties are not closed under restriction.
On the other hand, Woodroofe [16] showed the following result that determines obstructions to shellability in the class of flag complexes.
Theorem 3.11. (Woodroofe [16] ) In the class of flag complexes, the obstructions to shellability are exactly the independence complexes of C n with n = 4 or n ≥ 6, where C n is a cycle graph of order n.
Here, an independence complex is a simplicial complex derived from a graph G, whose vertices are the vertices of G and faces are independent sets of G. The independence complex of C n is a d-dimensional simplicial complex with d = ⌊
When n is even, it has two d-facets disjointly.
When n is odd, its d-facets are {v 0 , v 1 , . . . , v d }, {v 1 , v 2 , . . . , v d+1 }, . . . , {v n−1 , v 0 , v 1 , . . . , v d−1 } by suitably indexing the vertices.
Since the class of flag complexes is closed under restriction, Proposition 3.3 also gives the following.
Theorem 3.12. In the class of flag complexes, the set of obstructions to partitionability, that to sequential Cohen-Macaulayness, and that to shellability all coincide.
Proof. We check the obstructions to shellability given by Theorem 3.11 are neither sequentially Cohen-Macaulay nor partitionable. Then we have the statement from Proposition 3.3 by setting X to be the class of flag complexes, since the class of flag complexes is closed under restriction.
When n is even with n ≥ 4, the independence complexes Γ(C n ) of C n is not sequentially Cohen-Macaulay because pure d (Γ(C n )) is not Cohen-Macaulay by Proposition 3.6, and it is nonpartitionable by Proposition 3.7. When n is odd with n ≥ 7, Γ(C n ) is not sequentially Cohen-Macaulay since H 1 (pure d (Γ(C n ))) ∼ = Z, and its nonpartitionability is shown by Proposition 3.8.
One application of the discussions on obstructions to a property P is the following relation to the concept of "hereditary-P" property. Definition 3.13. Let P be a property of simplicial complexes. We say that a simplicial complex Γ is hereditary-P if all the restrictions of Γ (including Γ itself) satisfy P.
This hereditary-P property can be characterized by the obstructions to P as follows. The proof of this proposition is straight-forward. By this proposition we can view the obstructions to P as the excluded minors of hereditary-P property with respect to restriction. We have the following corollary from Theorems 3.10 and 3.12.
Corollary 3.15. The following are equivalent for a simplicial complex Γ, if the dimension of Γ is at most 2, or Γ is a flag complex.
(i) Γ is hereditary-shellable.
(ii) Γ is hereditary-partitionable.
(iii) Γ is hereditary-sequentially Cohen-Macaulay.
Remark. There are more properties related to shellability with the following implications.
vertex decomposable ⇒ shellable ⇒ constructible ⇒ ⇒ sequentially homotopy-CM ⇒ sequentially Cohen-Macaulay
The same implications for pure complexes (vertex decomposable ⇒ shellable ⇒ constructible ⇒ homotopy-CM ⇒ Cohen-Macaulay) are classical and well-known, see [1, Sections 11.2 and 11.5]. Recently, Jonsson [8, Section 3.6 ] gave a generalized definition of constructibility that also applies for nonpure complexes, and completed the implications of general simplicial complexes shown above. (He calls the generalized definition "semipure constructibility" in order to discriminate from the classical definition that applies only for pure cases.) For properties of simplicial complexes satisfying P ⇒ Q ⇒ R, it is easy to verify using Proposition 3.9 that if the set of obstructions to P is the same as the set of obstructions to R then also the set of obstructions to Q is the same. Hence the set of obstructions to constructibility and that to sequential homotopy-CMness coincide with that to shellability in the class of simplicial complexes of dimensions ≤ 2 and in the class of flag complexes. Accordingly, hereditary-constructibility and hereditary-sequential homotopy-CMness are equivalent to hereditary-shellability in these classes.
On the other hand, the situation is different for vertex decomposability. In [7] , a 2-dimensional simplicial complex is presented that is shellable but not vertex decomposable, and any of whose restrictions are shellable. This implies the existence of a 2-dimensional obstruction to vertex decomposability that is shellable. Hence the set of obstructions to vertex decomposability and the set of obstructions to shellability differ in dimension 2. On the other hand, the proof of Theorem 3.11 given in [16] implies that the set of obstructions to vertex decomposability is the same as the set of obstructions to shellability in the class of flag complexes.
Strong obstructions: toward higher dimensions
In this section we introduce the following definition. Definition 4.1. Let P be a property of simplicial complexes. A simplicial complex Γ is a strong obstruction to P if Γ does not satisfy P but link Γ[W ] (τ ) satisfies P for any W ⊆ V (Γ) and τ ∈ Γ unless W = V (Γ) and τ = ∅ (i.e., unless link Γ[W ] (τ ) = Γ).
We say a property P is link-preserving if link Γ (τ ) satisfies P for all τ ∈ Γ whenever Γ satisfies P. One of the important properties of shellability is that it is link-preserving as shown in Proposition 2.1. Partitionability and sequential Cohen-Macaulayness also have this property, see Proposition 3.4. For a link-preserving property P, a slightly weaker condition characterizes strong obstructions as follows. The proof is straightforward. Proposition 4.2. If P is a link-preserving property, then a simplicial complex Γ is a strong obstruction to P if and only if Γ does not satisfy P, Γ[W ] satisfies P for any W V (Γ), and link Γ (τ ) satisfies P for any τ ∈ Γ with τ = ∅.
We have the following characterization of hereditary-P property instead of Proposition 3.14 when the property P is link-preserving. The proof is immediate using the property that the operations of restricting and taking link commute. The obstructions to P are the excluded minors of hereditary-P property with respect to restriction operation, while the strong obstructions are the excluded minors of hereditary-P property with respect to restriction and link operation for a link-preserving property P.
As same as Theorem 1.1 (iii), there exist strong obstructions to shellability in each dimension d ≥ 1. The obstructions in the class of flag complexes given by Theorem 3.11 are all strong obstructions, existing in all dimensions d ≥ 1.
For dimensions ≤ 2, by Theorem 2.11, the strong obstructions to shellability are the 1-dimensional obstruction to shellability 2K 2 and the simplicial complexes obtained by adding zero or more edges to (1a), (1b), (1c), (4a), (4b) and (4c) of Figure 2 . One advantage of considering strong obstructions instead of original obstructions is that the number of strong obstructions is smaller than that of original obstructions. Another advantage is that the proof of identifying strong obstructions is easier.
In the study of obstructions, some questions can be treated by discussions on strong obstructions. In this section we discuss the following two questions on obstructions. In the following, we show these questions can be treated via discussions of the same questions for strong obstructions. Theorem 4.6. Let P be a property of simplicial complexes that is link-preserving. If the number of strong obstructions to P of dimensions ≤ d is finite, then the number of obstructions to P of dimensions ≤ d is also finite.
Proof. Let Γ be an obstruction to P but not a strong obstruction to P. We first observe there is a vertex v of Γ such that link Γ ({v}) does not satisfy P as follows. Since Γ is an obstruction but not a strong obstruction to P, there is a face τ = ∅ such that link Γ (τ ) does not satisfy P. When |τ | = 1, taking τ as the vertex {v} satisfies the condition. In the case |τ | ≥ 2, let v be one of the vertices of τ . Then link Γ ({v}) does not satisfy P, since link Γ (τ ) = link link Γ ({v}) (τ \{v}) does not satisfy P and P is link-preserving.
For such a vertex v, link Γ ({v}) is in fact an obstruction to P. Here we have V (Γ) = {v} ∪ V (link Γ ({v})), since, if there is a vertex w / ∈ {v} ∪ V (link Γ ({v})), we have link Γ\{w} ({v}) = link Γ ({v}) and this implies that Γ \ {w} does not satisfy P, contradicting the fact Γ is an obstruction to P. Now we show the statement of the theorem by induction on d. For d = 0, the number of obstructions to P is one (the case that ∅ satisfies P and a singleton does not satisfy P) or zero (otherwise), thus trivially finite. This constitute the base case of the induction. Assume that the number of obstructions to P is finite for each dimension ≤ d − 1. To show that the number of obstructions to P of dimension d is finite, we only have to show that the number of obstructions to P of dimension d that are not strong obstructions is finite. The assumption that the number of obstructions to P of dimension ≤ d − 1 is finite implies that there is a constant C d−1 < ∞ such that |V (∆)| ≤ C d−1 holds for each obstruction ∆ to P of dimension ≤ d − 1. Now, for each obstruction Γ to P of dimension d that is not a strong obstruction, we have V (Γ) = {v} ∪ V (link Γ ({v})) and link Γ ({v}) is an obstruction to P of dimension ≤ d − 1. This implies that |V (Γ)| ≤ C d−1 + 1. Thus the number of obstructions to P of dimension d that are not strong obstructions is finite.
Theorem 4.7. Let P and Q be properties of simplicial complexes that are link-preserving. Assume that P implies Q. If the set of strong obstructions to P and that of strong obstructions to Q coincide for dimensions ≤ d, then the set of obstructions to P and that of obstructions to Q coincide for dimensions ≤ d.
Proof. Let Γ be an obstruction to P of dimension ≤ d. If it is a strong obstruction to P, then it is a strong obstruction to Q by assumption. Especially, it does not satisfy Q.
If Γ is not a strong obstruction to P, there is a face τ ∈ Γ with τ = ∅ such that link Γ (τ ) does not satisfy P. Take τ to be a maximal face with this property. Then link Γ (τ ) is a strong obstruction to P: link Γ (τ )[W ] satisfies P for each W V (link Γ ({v})) because link Γ (τ )[W ] = link Γ[W ] (τ ), and link link Γ (τ ) (η) satisfies P for each η ∈ link Γ (τ ) with η = ∅ because link link Γ (τ ) (η) = link Γ (τ ∪ η) with τ τ ∪ η ∈ Γ. Since dim link Γ (τ ) < dim Γ = d, link Γ (τ ) is a strong obstruction to Q by assumption, thus link Γ (τ ) does not satisfy Q. This implies that Γ does not satisfy Q.
Thus every obstruction to P does not satisfy Q. By Proposition 3.9 (by letting X be the class of simplicial complexes of dimension ≤ d), the set of obstructions to P equals to the set of obstructions to Q in dimensions ≤ d.
In closing this section, we add a proposition similar to Proposition 3.9, which will be a convenient tool for a future discussion of the difference between classes of strong obstructions. The proof can be done just in the same way as Proposition 3.9.
Proposition 4.8. Let P and Q be properties of simplicial complexes and assume that P implies Q. In a class X of simplicial complexes that is closed under restriction and link operation, the following are equivalent.
(i) In the class X , the set of strong obstructions to P is different from the set of strong obstructions to Q.
(ii) There exists a strong obstruction to P in X which is not a strong obstruction to Q.
(iii) There exists a strong obstruction to P in X which satisfies Q.
Remark. Woodroofe [17] studies strong obstructions under the name "dc-obstructions", and enumerated those with up to 6 vertices with a help of computer.
